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COMPUTING PLANETARY POSITIONS: USER-FRIENDLINESS
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Astronomical tables are ways to turn the treatment of complex problems into elemen-
tary arithmetic. Since Antiquity astronomers have addressed many problems by means
of tables; among them stands out the treatment of planetary motion as well as that
for the motions of the Sun and the Moon. It was customary to assign to the planets
constant mean velocities to compute their mean longitudes at any given time in the
past or the future, and to add to these mean longitudes corrections, called equations,
to determine their true longitudes. In this paper we restrict our attention to the five
planets,' with an emphasis on their equations. Section 1 deals with what we call
the standard tradition, beginning with Ptolemy’s Handy tables, and Section 2 deals
with the new presentations that proliferated in Latin Europe in the fourteenth and
fifteenth centuries, some of which reflect a high level of competence in mathemati-
cal astronomy.?

1. The Standard Tradition

By the middle of the second century A.D. Ptolemy displayed tables for the equations
of the five planets with specific layouts and based on specific models, algorithms,
and parameters. We argue that this category of tables, as is the case for many others,
provides a clear example of user-friendliness, the driving force that prevailed in the
history of table-making.

In Almagest X1.11 Ptolemy presented tables for the planetary equations, one for
each of the five planets.’ Each table has eight columns, of which the first two are for the
argument (one from 6° to 180° and the other for its complement in 360°). The argument
is given at intervals of 6°, from 6° to 90° (and for 270° to 354°), and at intervals of 3°,
from 90° to 180° (and for 180° to 270°). According to Toomer, Ptolemy computed the
entries at 6°-intervals, even where the function is tabulated at 3°-intervals.* Columns
3 and 4 are for the equation in longitude and the difference in equation, respectively.
Column 3 assumes an eccentric model, which Ptolemy rejected in favour of an equant
model. Column 4 displays the difference between the equation for an equant model
and the equation for an eccentric model. The sum of corresponding entries in these
two columns is the equation of centre, which replaced columns 3 and 4 that appear
in Almagest X1.11 (see Table A, col. 3).> Columns 5 and 7 give the subtractive and
additive differences to be applied to the equation of anomaly (displayed in col. 6),
when the planet is at greatest and least distance, respectively. Column 8 is for the
minutes of proportion, to seconds, used for interpolation purposes. We note that, in
the case of Venus, the entries for the equation in longitude (col. 3) are exactly the
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same as those for the solar equation, although Ptolemy does not call attention to
this fact.® We display Ptolemy’s model for Mars to illustrate how a planet’s position
can be computed directly from the model: see Figure 1. To do this, one must solve
plane triangles by means of trigonometric procedures that were already available in
Ptolemy’s time. The solution is as follows. Given K, we wish to compute the correc-
tion angle, C, by solving triangle ECO. But, before we can do this, we have to find
the length of EC, where DC, the radius of the deferent, is 60. So first we must solve
triangle EDC to find EC, where angle CED is the supplement to angle K and ED
is the eccentricity (a given parameter in the model). With ¥, EC and EO (twice the
eccentricity), we can solve triangle ECO, which yields the values for ¢, and CO. We
then have to solve triangle MCO to find c(a). In this triangle two sides and an angle
are known: angle MCO is equal to 180° — (@ — ¢,), CM is the radius of the epicycle
(a given parameter in the model), and CO has already been determined. Then

A=MA) + K +c, +c(a),

where A(A), the longitude of the apogee, is a given parameter in the model. Using
the planetary equation tables takes trigonometric functions out of the computational
scheme.

In the Handy tables Ptolemy did not modify the models or the parameters for the
planetary equations, but he introduced a series of changes to make the tables more
suitable for calculation. Firstly, the arguments are now given at intervals of 1°, rather
than at intervals of 3° or 6°, as was the case in the Almagest.” This certainly simplifies
interpolation. Secondly, he merged columns 3 and 4 in the Almagest into a single
column representing the equation of centre, thus reducing the number of operations
required for using these tables. This also reduced the number of columns, from 8 to
7. Thirdly, the column for the minutes of proportion was also modified by avoiding
unnecessary precision (the entries are given to seconds in the Almagest but only
to minutes in the Handy tables) and by changing the argument (mean argument of
centre in the Almagest and true argument of centre in the Handy tables).® This new
presentation (see Table A for Mars) set the standard for most tables dealing with
planetary equations for about fourteen centuries.

In Table A, the mean argument of centre, K, serves as argument (columns 1 and
2) for the equation of centre (col. 3), c,; the true argument of centre, «, can then be
computed, for

K=K + ¢,(K),

where ¢,() < 0° when 0° <k < 180°. The mean argument of centre serves also as
argument for the minutes of proportion (col. 4), which are necessary to compute
the true position of the planet when not found at maximum or minimum distance
of the epicycle from the observer. Now the true argument of anomaly, a, serves as
argument (cols 1 and 2) for the equation of anomaly (col. 6), and is obtained from
the mean argument of anomaly:

0= 0 —c,(K).
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FiG. 1. Ptolemy’s model for Mars. The observer is at O; the centre of the deferent, AC, is at D; the equant
is at E such that ED = DO; the direction to the vernal equinox is OV; A is the apogee, C is the
centre of the epicycle such that DC = 60. The radius of the epicycle is CM; the mean apogee of
the epicycle is at A_and the true apogee of the epicycle is at A ; the mean longitude of Mars is in
the direction Ol\_/l, and its true position is at M. The mean argument of centre is K and the mean
argument of anomaly is @; the equation of centre is c,, and the equation of anomaly is c(a). The
true longitude of Mars, A, is angle VOM. For an outer planet the direction CM is always parallel
to OS, where S is the direction to the mean Sun.

The tabulated equation of anomaly, ¢ (a), was originally computed assuming that
the centre of the epicycle is at mean distance. When the epicycle lies between maxi-
mum distance (apogee) and mean distance, a subtractive difference (col. 5) must be
applied. Similarly, when the epicycle is between minimum distance (perigee) and
mean distance, an additive difference (col. 7) must be applied. The true argument of
anomaly serves as argument for both subtractive and additive differences. Then, the
total equation of anomaly is

c(a, ¥) = ¢y(a) — cy(a) - ¢,(¥),
when ¥ ranges from 270° to 90°, that is, when the planet is near apogee, and
c(a, K) =c () + c,(a) - ¢ (K),

when K ranges from 90° to 270° that is, when the planet is near perigee. The
combined effect of the equation of centre and the total equation of anomaly is
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TaBLE A. Equations for Mars in the Handy tables (excerpt).’

(1) (2) 3) “4) (5 (6) (7
Argument Equation Min. Subtractive Equation Additive
of centre prop. difference of anom. difference
) ) ©) ) ©) ©) ©)
1 359 0;11 60 0;2 0;24 0;2
2 358 0;22 60 0;3 0:48 0;3
3 357 0;33 60 0;4 1;12 0;4
86 274 2
87 273 1
88 272 1
89 271 2
90 270 2;28 33;22 2;49
92 268 11;24
93 267 11;25
9% 264 11:25
97 263 11;24
130 230 41,9
131 229 41,10
132 228 41;9
152 208 5:37
153 207 5;38
156 204 5:38
157 203 5;37
158 202 8;2
159 201 8.3
160 200 8:2
178 182 0;27 60 0:51 3;52 135
179 181 0;14 60 0;26 1;57 0,48
180 180 0, 0 60 0; 0 0; 0 0; 0

thus ¢,(K) + c(a, K), and the true position of the planet, A, at a given time is:
A=A+i+ ¢, (K) + c(a, ¥),

where A, the mean longitude of that planet at a given time ¢ since epoch, is defined
as:

A=X+ A1,

), being the planet’s mean longitude at epoch, and A\ the planet’s mean motion in
longitude.

In the early Islamic world, the Zij al-Sindhind of al-Khwarizmi (fl. 830) followed
the Indo-Iranian tradition, which was not based on Ptolemaic models and parameters,
and made no use of equants.'® This tradition was represented by the Zij al-Shah, a work
composed in Sasanian Persia and translated into Arabic c. 790, where the maximum
value for the equation of Venus is set equal to that of the solar equation (2;13° or
2;14°); the identity of these parameters is also found in the Almagest."" Accordingly,
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the tables for the planetary equations are quite different, both with respect to the
entries and the presentation, from those in the Almagest or the Handy tables.

The Greek tradition was represented in the eastern Islamic world by the Zij
al-Sabi’ of al-Battant (d. 929) which is strongly Ptolemaic; indeed, the tables in it
for the planetary equations followed exactly those in the Handy tables, but for the
equation of centre of Venus.'? Both the Almagest and the Handy tables have 2;24°
as the maximum value for Venus’s equation of centre, whereas it is 1;59° in the zij
of al-Battani. This change in the equation of centre of Venus was not due to new
observations of Venus; rather, it was the result of a new value found from observa-
tions for the eccentricity of the solar model that implied a maximum solar equation
of 1;59,10°. This new solar parameter was simply applied to the equation of centre
for Venus, where it was rounded to 1;59°. In this modification al-Battani followed
other Islamic zijes, such as that of Habash al-Hasib (. 850).!* Toomer pointed out
that modifying the entries for the equation of Venus was inconsistent with leaving
unchanged the entries for the subtractive and additive differences (at greatest and
least distances, respectively), because they also depend on eccentricity.'* In any case,
in the zij of al-Battani only the entries for the equation of centre of Venus differ from
those in the Handy tables whereas all the rest remain unchanged.

The Toledan Tables were compiled in the second half of the eleventh century, but
the original Arabic version is not extant. In the Latin versions of the Toledan Tables
the presentation and the numerical entries agree with those in the zij of al-Battani,
but for (in most cases) an added column for the first station of each of the planets.'’
In Almagest X11.8 Ptolemy displayed the first and second stations of the five planets
in a single table, using the mean centre as argument, with entries at intervals of 6°.1°
In the Handy tables, Ptolemy gave more entries, at 3°-intervals, and presented a table
for the two stations for each planet. He also introduced a change in the argument (true
argument of centre, instead of mean argument of centre), thus making the entries
slightly different from those in the Almagest.'” In his zij al-Battani reproduced in a
separate table the entries for the first and second stations in the Handy tables, and
only displayed them at 6°-intervals. The compilers of the Toledan Tables probably
realized that it was unnecessary to give entries for both the first and the second stations
(because corresponding entries add up to 360°) and just included a specific column
for the first station of each of the planets. Thus, in the tables for the planetary equa-
tions, ultimately derived from the Handy tables, the number of entries increased,
for they are given here at intervals of one degree, and gained one column which was
eliminated as a separate table.'® The Toledan Tables were by far the most popular
tables in Latin Europe, and the presentation in them for tables of planetary equations
can be considered standard.

The Maghribi astronomers Ibn Ishaq al-TtnisT (c. 1193-1222), Ibn al-Banna’ of
Marrakesh (1265-1321), and Ibn al-Raqqam (Tunis and Granada, d. 1315) used new
parameters for the equations of centre of Saturn, Jupiter, and Venus. In contrast, the
values given to the equations of anomaly agreed precisely with those in the standard
tradition, namely that of the Handy tables, the zij of al-Battani, and the Toledan
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Tables, but for the fact that in this tradition the columns displayed are combinations
of cols 5, 6, and 7.! We further note that the tables for the planetary equations of Ibn
Ishaq and his followers depart from the standard tradition not only in the three basic
parameters already mentioned, but also in presentation. Indeed, for each of the planets
there are two tables of equations: one for quantities that depend on the argument of
centre and one for those that depend on the argument of anomaly.?

The Castilian Alfonsine Tables were produced in Castile by two astronomers work-
ing under the patronage of Alfonso X (reigned: 1252-84), Judah ben Moses ha-Cohen
and Isaac ben Sid. We do not know how the tables for the planetary equations were
presented in these tables, because the tables themselves are not extant. However,
the canons have been preserved in Castilian, and chapter 18 (De la equacion de los
V planetas) describes the way to compute planetary longitudes by means of tables.
Although no numerical values are given, the description agrees perfectly with the
layout of tables in the standard tradition of the Handy tables, the zij of al-Battani,
and the Toledan Tables.?!

This tradition was transmitted from the Iberian Peninsula to the rest of Europe. The
earliest astronomer to depend on this Iberian tradition was Jean Vimond, who was
active in Paris c. 1320. He compiled a set of tables that appear to be at the interface
of the astronomy rooted in al-Andalus and the Maghrib and developed in Castile
in the late thirteenth century on the one hand, and the activity of the astronomers
working in Paris in the 1320s and the 1330s that resulted in the Parisian Alfonsine
Tables on the other.?? In many ways Vimond’s tables follow a tradition unattested in
Latin prior to 1320; for example, his tables for the planetary equations are also split
into two tables for each planet, much as the Maghribi-Andalusian astronomers did.

In addition to changes in structure, which will be examined later, the main modifi-
cation in Vimond’s tables is found in the entries for the equations of centre of Jupiter
and Venus, with maximum values of 5;57° and 2;10°, respectively. Not much can be
said about the value 5;57° other than it does not appear in any text or table prior to
Vimond’s tables, and no medieval discussion of its origin has been found. However,
the value 2;10°, also used by Vimond as the maximum solar equation, appears in
previous texts: implicitly in a table for the daily solar positions for 1278 contained
in the Libro del astrolabio llano composed by the astronomers in the service of King
Alfonso X of Castile,® and explicitly in an account in John of Murs’s Expositio of
two observations of autumnal equinox, one by Ptolemy in 132 and the other attrib-
uted to Alfonso in 1252, where John explains that he has seen this observational
report in what he calls the “Tables of Alfonso”.?* We thus think it likely that these
two new values for Jupiter and Venus/Sun were taken from an earlier work, and the
most reasonable candidate is the Alfonsine Tables in the original Castilian version.?

The Parisian Alfonsine Tables, produced in the 1320s by a group of astronomers
working in Paris, were built on material coming from the Iberian Peninsula. They are
best known today from the editio princeps that appeared in Venice in 1483. While
each part of this printed edition has a complicated history, the planetary equation
tables in it are faithful to the Parisian Alfonsine Tables as they were presented in the
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1320s. The layout of the tables for the planetary equations conforms to the standard
tradition, although they have no additional column for the first station. We will refer to
the presentation and parameters of this version of the Alfonsine Tables as “standard”.
The entries are given at intervals of one degree, as was already established in the
Handy tables.*® Moreover, out of ten basic parameters for the five planets, only two
differ from those defined by Ptolemy, namely, the equations of centre of Jupiter and
Venus, and both of these parameters are already found in John Vimond’s tables. It
is difficult to find other examples of such great stability in the transmission of astro-
nomical tables for more than thirteen centuries. Table B provides a summary of the
main parameters for the equations of centre and anomaly used by different authors.

TABLE B. Maximum values of the equations of centre and anomaly in various sets of tables (new values
are shown in boldface type).

Saturn Jupiter Mars Venus Mercury
Eq.of Eq.of Eq.of Eq.of Eq.of Eq.of Eq.of Eq.of Eq.of Eq.of
centre anom. centre anom. centre  anom. centre anom. centre anom.

Almagest * 6;31°  6;13° 5,15°  11; 3° 11;25° 41; 9°  2;24°  45;59° 3; 2° 22; 2°
Handy tables  6;31°  6;13°  5;15° 11; 3°  11;25° 41;10°  2;24°  45;59° 3; 2° 22; 2°

al-Khwarizmi ~ 8;36°  5;44° 55 6° 10;52°  11313° 40;31°  2;14°  47;11° 45 2° 21;30°
al-Battant 631°  6;13° 5150 11; 3°  11;25° 41; 9°  1;59°  45:59° 3; 2° 22; 2°
Toledan Tab.  6:31°  6:13°  5:;15° 11; 3°  11;24° 41; 9°  1;59°  45;59° 3; 2° 22; 2°
Maghrib astr. 5;48°  6:13°  5;41° 11; 3°  11;25° 41; 9°  1351°  45;59° 3; 2° 22; 2°
Vimond **  6:31° 6:13°  557° 11; 3°  11;24° 41; 9°  2;10°  45;59° 3; 2° 22; 2°
Parisian Alf.  6:31° 6:13°  5:57° 11; 3°  11;24° 41;10°  2;10°  45;59° 3; 2° 22; 2°

* The values for the equation of centre shown here are found by adding algebraically the equation in
longitude and the difference in equation in A/m. XI.11 (cols 3 and 4).

** The values for the equation of centre shown here result from subtracting the motus completus (col.
2) from the mean argument of centre (col. 1). The values for the equation of anomaly shown here result
from adding the motus completus (col. 2) to the correction for maximum distance (col. 5 in the standard
tradition); see below.

2. A Proliferation of New Presentations

Prior to the first edition of the Parisian Alfonsine Tables in 1483, a variety of original
approaches for presenting tables for the planetary equations were undertaken within
the Alfonsine corpus. They coexisted with the standard tradition, which is preserved
in a number of manuscripts dating from the fourteenth and fifteenth centuries.?” The
goal of these new approaches that depart from the standard tradition was, once again,
to facilitate computation.

Let us return to about 1320, the date of John Vimond’s tables, in which the two
equations for each planet are displayed in different tables. In those where all the
tabulated functions depend on the mean argument of centre (see Table C), the entries
are given at 6°-intervals. Vimond displayed the true argument of centre (col. 2: motus
completus) and added columns for the increment of the true argument per degree of
the argument (col. 3: motus gradus), planetary velocity (col. 4: motus diei), minutes
of proportion (col. 5: diametri), and first station (col. 6). Moreover, the equation of
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centre incorporates a displacement which is the difference between the apogee of
each of the planets and that of the Sun (no displacement is therefore needed in the
case of Venus, for its apogee is assumed to be the same as that for the Sun). Analysis
of Vimond’s tables shows that the motion of the solar apogee was included in the
motions of the planetary apogees, thus following a theory for which there was no
previous evidence outside al-Andalus and the Maghrib.?® With this particular arrange-
ment Vimond intended to present a more user-friendly table than the standard table
for the equation of centre.

TABLE C. John Vimond’s equation of centre and first station of Mars (excerpt).

1 (@) (3) “) (5 6)

Argument Motus Motus Motus Diametri First

completus gradus diei station
s (©) S ©) min min min S ©)
0 6 0 1231 5050 26 6 5 84l
0 12 0 17;36 50; 0 26 4 5 821
112 1 1222 49: 0 26 0 5729
118 11716 49:10 25 0 5 731
418 4 6:36 60:30 31 32 5 1346
7 12 7 1133 73:30 38 60 5 19:14
7 18 7 1854 73:10 33 59 5 1913
10 12 10 2324 58:50 30 31 5 1336
11 24 12 213 51:50 27 10 5 931
12 0 12 7:24 51:10 26 8 5 96

Now, in the tables where all the tabulated functions depend on the argument of
anomaly (given at 6°-intervals for Saturn, Jupiter, and Mercury, and at 3°-intervals
— and at 2°intervals in the vicinity of 180° — for the other two planets), Vimond
also added columns for planetary velocities and other corrections, such as col. 5 (see
Table D), which results from adding the correction for maximum distance to the cor-
rection for minimum distance (cols 5 and 7, respectively, in the Handy tables, the
zij of al-Battani, and the Toledan Tables). As was the case for the equation of centre,
the entries for the equation of anomaly are not explicitly displayed. Rather, we are
given entries for the motus completus (col. 2), which is the difference between the
equation of anomaly and the correction for maximum distance. When we compute
the differences between cols 6 and 5 in the standard tradition, we find agreement with
Vimond’s motus completus, indicating that he kept all the basic parameters for the
equation of anomaly in this tradition. It is noteworthy that, as indicated by North, this
implies that Ptolemy’s eccentricities underlie these tables even though, in the case
of Venus and Jupiter, the eccentricities were modified for computing the equation
of centre.” The only text of which we are aware that treats the equation of anomaly
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in this way is of Maghribi origin: the Minhdj of Ibn al-Banna’, dependent on the zij
of Ibn Ishaq. In the Minhaj the tables for the equations of anomaly of Saturn and
Jupiter give entries for al-mufrad (c, — c, in the standard terminology for columns)
and al-bu‘d (c + c,).” These are precisely two of the columns found in Vimond’s
tables (cols 2 and 5). This particular choice of columns was intended to facilitate the
computation of the planetary equations of anomaly.

TABLE D. John Vimond’s equation of anomaly for Mars (excerpt).

(€] 2 (3) “) (&) (6 (7

Argument Motus Motus Motus Diametri  Motus Motus
compl. gradus diei grad. diei
s (%) s (°) ©) min min min sec sec
0 3 1127 1; 8 23 11 0; 8 3 1
0 6 1124 2;16 23 11 0;17 3 1
4 3 727 36;40 1 1 8;53 9 4
4 6 724 36;44 0 0 9;19 9 4
4 9 721 36;43 3 1 9;46 9 4
56 624 28;15 46 21 13;30 0 0
59 621 25,56 53 25 13;37 6 2
512 618 23;17 62 29 13;19 13 6
528 6 2 3; 1 90 42 2;29 74 35
6 0 6 0 0; 0 90 42 0; 0 74 35

In addition to the Expositio, already mentioned, John of Murs, a key figure in the
Parisian milieu for the transmission of Alfonsine astronomy, was responsible for a
set of tables, called the Tables of 1321, devoted exclusively to the planets and the two
luminaries. With these tables the computation of true planetary positions is entirely
different from that described in any other text of which we are aware.* The most
significant feature of the Tables of 1321 is a new organizational principle, which does
not require the equations of the planets to be displayed explicitly. To be sure, the
mean motions of the planets are here presented in tables for the mean conjunctions
of each planet with the Sun (tabula principalis), and the corrections to be applied
for times between consecutive conjunctions are given in double argument tables
(contratabula). This particular approach meant that astronomers could avoid the typi-
cally cumbersome computations for determining true planetary positions, compared
with using tables previously available in Latin. One unusual feature of these double
argument tables is that the horizontal argument is the mean argument of centre of the
planet (at intervals of 12°) and the vertical argument is the “age of the planet”, that
is, the time after a mean conjunction with the Sun, expressed as a number of days. It
is also noteworthy that for each planet, besides the fabula and contratabula, we are
given a table for its equation of centre and first station. The values of the maximum
equation of centre agree in all cases with those used by Vimond, and so do the rest
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of the entries (given at 6°-intervals in both sets of tables, but presented differently).

The tables of Vimond and those of John of Murs for 1321 certainly made the com-
putation of the true positions of the planets much easier, but their approaches do not
seem to have been very popular. The main improvement in that direction came from
double argument tables, which greatly simplified computations and only required
linear interpolation.®? John of Lignéres (also active in Paris) was probably the first
astronomer in Latin Europe to draw up a double argument table combining the equa-
tions of centre and anomaly in a single table for each planet in his Tabule magne (c.
1325).33 The vertical argument is the mean argument of anomaly (at 6°-intervals in all
planets, and also at 3°-intervals from 150° to 180° in the case of Mars and Venus),*
and the horizontal argument is the mean argument of centre (at 6°-intervals). In Table
E we reproduce an excerpt from the table for the combined equation of Venus in John
of Ligneres’s Tabule magne, as found in Lisbon, MS Ajuda 52-XII-35, ff. 83r-87v,
with the title Tabula equationum ultimarum veneris. We note the use of physical signs
of 60°, and the inclusion of columns for the differences, to minutes, of successive
entries for a fixed value of the argument of anomaly (not displayed here).?

TABLE E. John of Ligneres’s double argument table for the combined equation of Venus (excerpt).

R 060 0120 .. 354° 400 46 .. 554  00°
o
) ) ) ) ) ) ) ©)
m* m a a a a a
0,0  0:8 0:06 .. 1:0% 1:4 1:8 .. 0.8 0:0
a a
0,6 222 214 .. 335 339 342 .. 238 230
012 450 443 .. 66 610 613 . 57 458
2.6 442 4351 . 4723 AT24 4722 .. 4406 44:14
212 4432 4420 .. 48:10  48:10 48: 8 .. 4457 4444
218 4429 40:18 .. 4833  48:33 4830 .. 4459  44:43
204 4341 4144 . 4813 48:16 4814 .. 4413 43:57
254 1309 1226 .. 2221 1621 1221 .. 1432 13:52
257 623 538 .. 27:14  19:14 1514 .. 744 7. 7
m m
3.0 044 128 . 31:6 247 197 .. 039  0:0

* m stands for minue (to be subtracted) and a for adde (to be added).
** Ms Erfurt: 1;1.

For each planet there is a total of at least 1860 entries (2160 in the case of Mars
and Venus) presented as 31 x 60 or 36 x 60 matrices, not taking into account the col-
umns and rows that display the successive differences. None of the entries explicitly
corresponds to the maximum values of the equations of centre or anomaly, which
could lead to the identification of the tradition to which it belongs (see Table B), but
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a few entries are easy to track. Let us consider the case when K = 0° or 180°. Then
¢,(K) = 0° and @ = a, and the entries for & = 90° reduce to ¢ (90) — ¢,(90) and ¢ ,(90)
+ ¢,(90), respectively, in the usual terminology for columns. We find agreement in
all cases, except for the equation for Mercury at greatest distance (the entry reads
21;32°, whereas computation with the tables in the standard tradition give 22;2°).3¢ In
all other cases there is good agreement, but it is not always perfect because columns
5, 6, and 7, which depend exclusively on the argument of anomaly, sometimes vary in
the minutes. To show that the entries in John of Ligneres’s table are specifically based
on the values used by John Vimond and, in particular, on those maximum values for
the equation of centre found for the first time in Vimond’s tables, we have recomputed
a few critical entries.’” The maximum entries in John of Lignéres’s tables could not
have been computed with values as low as those in the tradition represented by the
Toledan Tables, and we conclude that they were calculated with Vimond’s tables, or
that both astronomers had a common source.

It should be noted that in his tables of 1322 John of Ligneres had used the param-
eters 1;59° (Venus) and 5;15° (Jupiter) that are found in the Toledan Tables for the
maximum equations of centre, replacing them with 2;10° (Venus) and 5;57° (Jupiter)
in his double argument tables for the planetary equations in 1325. As a matter of
fact, John of Ligneres’s tables for planetary equations for 1322, as presented in Bib-
liotheque Nationale de France, MS 7286C (ff. 33r-47v),* share the same entries and
layout, including a column for first station, with the Toledan Tables. This change was
much the same as John of Murs had done a few years previously, given that in his
earliest astronomical work of 1317, beginning Auctores calendarii..., he had praised
the Tables of Toulouse and seemed unaware of Alfonsine material.*

Double argument tables undoubtedly facilitated computation, because they
displayed in a compact and clever way intermediate calculations needed to obtain a
final numerical result.*’ This kind of presentation was not an invention of the Paris-
ian astronomers, for it is already found in Arabic sources, e.g., it was used by Ibn
al-Kammad (Cérdoba, c. 1100) in his tables for the time from mean to true syzygy
as a function of the difference between the hourly velocities of the Moon and the
Sun and the elongation.*! Double argument tables proliferated in fourteenth-century
Europe and were not restricted to the planetary equations: they were also used to
display true planetary positions (the Tabule anglicane, also called the Oxford Tables
of 1348, associated with William Batecombe); planetary conjunctions (John of
Murs’s Tables for 1321); planetary latitudes (John of Murs’s Tables for 1321, and
the Oxford Tables); syzygies (John of Murs and Firmin of Beauval in their Tabulae
permanentes, Immanuel ben Jacob Bonfils of Tarascon, Levi ben Gerson, Juan Gil
of Burgos, Joseph Ibn Wagqar of Seville, and the Tables of Barcelona); lunar motion
(Levi ben Gerson); and lunar and planetary velocities (Judah ben Asher IT of Burgos).*?

Another set of tables in the Alfonsine corpus that adheres strictly to its parameters
and models is the set we call the Tables for the Seven Planets for 1340; they are a most
ingenious reworking of the Parisian Alfonsine Tables and include several displaced
tables. The purpose of displaced tables is to eliminate all subtractions in the derivation
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of planetary positions, thus facilitating computations.* This anonymous set of tables,
most likely of French origin, is uniquely preserved in Paris, Bibliotheque Nationale
de France, MS 10262 (ff. 2r—46v). The two planetary equations are given in separate
tables for each planet, and are not explicitly displayed. Rather, for the equation of
centre we are given entries that are displaced both vertically and horizontally with
respect to those in the standard Parisian Alfonsine Tables, whereas the entries for
the equation of anomaly are only displaced vertically. In modern algebraic terms,
the vertical and horizontal displacements of a function underlying a displaced table
are such that y = f(x + kh) + kv, where y = f(x) is the original function to which
the displaced table is compared, kh is the displacement on the X-axis, and kv is the
displacement on the Y-axis. Tables F and G display excerpts of the equation of centre
of Jupiter in the Tables for the Seven Planets and in the Parisian Alfonsine Tables,
respectively (where kh = 18° and kv = 6°).

Figure 2 illustrates the situation for Jupiter. The graph labelled MS 10262 displays
the entries in the Tables for the Seven Planets for 1340, and that labelled PAT cor-
responds to those in the Parisian Alfonsine Tables.

In general the vertical displacements are intended to avoid complicated rules for
addition and subtraction corresponding to the simple rules we now give by means
of algebraic signs. The horizontal displacements are intended to counterbalance
other displacements, such as those applied to the minutes of proportion. It is easy to
recognize that the vertical displacements of the entries for the equation of anomaly
agree with the parameters found in the Parisian Alfonsine Tables: see Table B. The
Tables for the Seven Planets use a total of 40 different displacements for the planets
(including the Sun and the Moon): see Table H.
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FIG. 2. The equation of centre of Jupiter. The graph labelled MS 10262 is displaced vertically by 6° and
horizontally by 18° with respect to the graph labelled PAT. The maximum of the upper graph is
11;57° and takes place at arguments 246°-252°; the maximum of the lower graph is 5;57° and
takes place at arguments 264°-270°.
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TaBLE F. Equation of centre of Jupiter TABLE G. Equation of centre of Jupiter
in the Tables for the Seven Planets.** in the Parisian Alfonsine Tables.*
(°)  Equatio ... Minutes (°) Equation Minutes
centri of proportion of centre  of proportion
©) O ©) ¢
0 415 0 1 0; 6 60
1 4,9 1 2 0;12 60
2 4,3 1 3 0;12 60
71 0; 4 53 88 5;56 1
72 0; 3 54 89 5,56 1
90  5;57 2
77 0; 3 59
78 0; 3 2 9  5;57 7
79 0; 4 3 97 5;56 8
168 6;39 60 180 0; 0 60
245 11;56 14 263 5;56 8
246 11;57 13 264 5,57 7
252 11;57 7 270 5,57 2
253 11;56 6 271 5;56 1
272 5;56 1
259 11;52 1 273 5;55 2
260 11;51 58
358 0512 60
359 420 0 359 0;6 60

In any case, computation with this compact and consistent set of tables gives the
same results as those obtained with the Parisian Alfonsine Tables, while avoiding
subtractions at any stage in the computation.

In the fifteenth century the Paduan astronomer, Prosdocimo de’ Beldomandi (d.
1428), compiled a new set of tables that belong to the Alfonsine corpus.*® His tables
for the planetary equations follow the Parisian Alfonsine Tables, including the 2;10°
and 5;57° used by Vimond for Venus and Jupiter, in agreement with those that were
printed in 1483 in the editio princeps.

Giovanni Bianchini (d. after 1469) spent most of his life in Ferrara where he served
as administrator for the estate of the prominent d’Este family. About 1442 he compiled
an extensive set of astronomical tables that depend on the Alfonsine Tables, but have
a completely different presentation.*’ Bianchini’s tables offer a whole new approach
for computing the true positions of the planets. Although tables for the planetary
equations are not explicitly given, the true positions of the planets are computed by
means of double argument tables where the vertical argument is the mean anomaly,
represented here by the time within an anomalistic period for each planet, and the
horizontal argument is the mean centre. These tables were first published in 1495 in
Venice under the title Tabulae astronomiae, and again in 1526 and 1553.%

The Tabulae resolutae were compiled in central Europe, and circulated widely
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TaBLE H. Displacements of the planetary equations in the Tables for the Seven Planets for 1340.

Eq. of centre Eq. of anomaly
Vert. displac.  Horiz. displac. Vert. displac.
Saturn 7° 14° 6;13°
Jupiter 6° 18° 11; 3°
Mars 12° 61° 41;10°
Venus 3° 51° 45;59°
Mercury 4° 28° 22;2°

in manuscripts during the fifteenth century and in print during the sixteenth.*” One
of their characteristics is that the mean motions are arranged according a system of
cyclical radices at intervals of 20 years. The Tabulae resolutae are also strictly based
in the Parisian Alfonsine Tables; in fact, they are a particular form of presenting them.
The tables for the planetary equations display the same parameters as the Parisian
Alfonsine Tables but, unlike them, add a column for first station, thus following the
layout of most versions of the Toledan Tables.

In Vienna John of Gmunden (c. 1380-1442) collected a great variety of tables
within the framework of the Parisian Alfonsine Tables. He displayed them in various
sets, called “First Version”, Tabulae maiores, and Tabulae breviores.>® He presented
his tables for the equations of the planets in three different ways: at 1°-intervals fol-
lowing the standard tradition; at 3°-intervals in an abridged form of the latter; and
as double argument tables, reproducing those by John of Ligneres. Therefore, with
respect to the planetary equations, John of Gmunden was not an innovator; rather,
he offered table users several possibilities that were already known in Latin Europe.

In the early sixteenth century, Johannes Angelus, a follower of Peurbach and
Regiomontanus, claimed that these two authors had compiled a new table of planetary
equations giving better results than the standard Alfonsine Tables, but this “new”
table has not been found in any manuscript or printed edition.’!

As already mentioned, the Alfonsine Tables were first printed in 1483 by Erhard
Ratdolt in Venice. A few years later (1492) and in the same town, a second edition
appeared, edited by Johannes Lucilius Santritter. The entries for the planetary equa-
tions are the same in both sets of tables but, in the second edition, the planets were
inexplicably presented in the order Venus, Mercury, Mars, Jupiter, and Saturn (rather
than in the usual order where Mercury precedes Venus). Also in the 1492 edition, the
second column for the argument, displaying the complement in 360°, was eliminated;
this left enough space on the page to include five extra columns for the differences
between successive entries in the remaining columns.

In 1503 Petrus Liechtenstein printed another set of tables in Venice, the Tabule
astronomice Elisabeth Regine. It was much less popular than the standard version
of the Parisian Alfonsine Tables, but it is historically significant because in his Com-
mentariolus Copernicus cited its author, Alfonso de Cérdoba, who was in the service
of Pope Alexander VI in Rome.>? The tables for the planetary equations, as well as all
the others in this set, depend on the Parisian Alfonsine Tables, both for models and
parameters. However, this is not true for the presentation. First, for each planet the
equation of centre is given in a different table from that for the equation of anomaly.
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TABLE 1. Alfonso de Cérdoba’s equation of centre of Mars (excerpt).

Mars

Longitude ©) min
Leo 15 Leo 15 0; 0 60
Leo 20 Leo 10 0;55 60
Leo 25 Leo 5 1:49 59
Sco 15 Tau 15 11;23 3
Sco 20 Tau 10 11;24 3
Sco 25 Tau 5 11;21 8
Agr 5 Aqr2s %13 58
Aqr 10 Aqr 20 1; 7 59
Aqr 15 Aqr 15 0; 0 60

As we have seen, John Vimond had also used this two-fold presentation, which was
most uncommon in Latin astronomy,> but the two sets differ in several important
aspects (see Table I). Second, the argument in the tables for the equation of centre
is given at 5°-intervals (as is the case in the tables for the equation of anomaly), in
contrast to the tables in the standard tradition (1°-intervals). But most important of
all is the fact that the argument in the table for the equation of centre represents
the mean longitude of the planet, A, that is, the mean argument of centre plus the
longitude of the planet’s apogee. Thus, the argument is shifted by a quantity that, in
each case, corresponds to the longitude of the apogee (Leo 15° in the case of Mars).
Again, the purpose is to facilitate calculation. In turn, the tables for the equation of
anomaly display the usual columns of the tables in the standard tradition (cols. 1,
2,5,6,and 7).

The tabular innovations developed to facilitate computation of the true longitude
of the planets paved the way to a substantial increase in the number of almanacs in
the fourteenth and fifteenth centuries. Although there are some earlier examples of
this genre, the various new presentations of the tables for planetary equations (such
as double argument tables) made almanacs much easier to compile. In turn, since
almanacs and ephemerides display directly the true positions of the planets at succes-
sive times, the user did not have the difficult task of computing planetary equations;
hence, they were very popular, for they could be used even by those who had not
mastered all the subtleties of astronomy.

Perhaps the most elaborate and influential almanac in the late Middle Ages was
the Almanach perpetuum.> Its tables, together with a short explanatory text, were
first printed in two editions (one in Latin and the other in Castilian) in Leiria, Por-
tugal, in 1496. The tables were derived from a set of astronomical tables in Hebrew
called ha—Hibbur ha-gadol (The great composition) compiled by Abraham Zacut
of Salamanca (1452-1515).57 As regards the positions of the planets, Zacut’s work
was compiled in the framework of the Parisian Alfonsine Tables with 1473 as epoch.
For each planet it gives the true longitude, the true argument of centre, and the true
argument of anomaly for several days in each month (sometimes daily) for periods as
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long as 125 years in the case of the longitude of Mercury. For these three quantities
there is a total of more than 42,100 entries and, in each case, the sign, the degrees,
and the minutes are specified. We have certainly come a long way from the tables
for the planetary equations in the Handy tables!

Conclusion

As regards planetary equations, the standard tradition, going back to Ptolemy’s
Handy tables, survived at least until the first printed editions of the Parisian Alfon-
sine Tables. Ptolemy’s underlying models and most of the parameters involved
were rarely challenged from about the middle of the second century to the end of
the fifteenth century. Only two parameters appearing in the tables were changed in
that period, and John Vimond seems to have been the first astronomer to have used
them in Latin Europe.’® Vimond depended on material from the Iberian Peninsula,
most likely of Arabic origin.

Astronomers in Latin Europe in the fourteenth and fifteenth centuries were actively
engaged with this well-defined tradition, but they did not simply reproduce the tables
and texts of their predecessors, and many of them developed innovative approaches
to facilitate computational tasks, such as double argument tables, displaced tables,
separated tables, or shifted variables. User-friendliness, rather than improvement of
the models or enhancement of precision, was the driving force for most of the efforts
developed by table-makers in the computation of planetary positions. Nevertheless,
the editio princeps of the Parisian Alfonsine Tables did not incorporate any of the
various new presentations. These innovations in presentation have only been rec-
ognized in recent years and, taken together, they indicate that astronomers in Latin
Europe reached a high level of mathematical competence in the late Middle Ages.
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However, when performing the same calculation using an equation of centre with a maximum of
1;59° (as in the Toledan Tables), one finds a combined equation of 48;19°. As we shall see in the
computation that follows, the results are also unambiguous in the case of Jupiter. The maximum
entry in John of Ligneres’s table is 17;1° (at K = 4,24° and & = 1,48°). If K = 4,24° = 264°, then
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0;32°. Finally, the combined equation is 5;57° + 11;3° + (0;32 - 7/60) = 17;4°, very close to the
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